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Abstract In this paper, we study the computation of quantities of equator (singular
point quantities of infinity at Gauss sphere) in a class of planar polynomial differential
system with a general form. Two linear recursion formulas for computation of quan-
tities of equator are obtained. To compute quantities of equator with these recursion
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formulas, we only need to force addition, substraction, multiplication and division to
the coefficients of the system, then avoid complex integrating operations and solving
equations. It is symbolic and easy to realize without errors with computer algebra
system.
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1 jk
"�	
�����#$%, &'(���	 ()�	) ����	%*+�
,���

-.��. /0�	��������
1��"�	�(����'����, ���	�
'�����2 �0��	�(��'����, 3��'��$! Hibert� 16��"�
��4#�$��	����$, �%*�	�%�. 1976 &, '()5*�6� Arnold +
�
���,�#-.%7/8�0�� Arnold ��9:�	��$12;� [1]. 3�, �
	
���&'(��	���3<4�=��$ [2−10]. 5�, Rousseau : Schloomiuk [11]

�$ 6�7!�	��&'�	�8>�99Æ:"#�	���'��?$�����.
3�!0�	��;<@	 (%&) ��#$A'()-.. �0�	�B=�� (��*, >
&;<@�	), /;<@	 (%&) �(���'��$, C&�+D�()&'�, ?,E�
	�-.()@/ [12−17]. ��	�B=
���;<@	�	��?0��,%&1A�F
���'��?$���7�!0B*��7/9C;�.. DG.H3���2E�#3I
,�4��'J [18]. !F�	
���&'(�%*�	%�:�'��F�$, �	�B
=
���;<@	�%*�	%�:%&��'��FFK?,4��G-.�%���;
<@	��	�56G%&��.

HI47��	��*�B=
���⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

dx

dt
= −y(x2 + y2)n +

2n∑
k=0

Xk(x, y) = X(x, y),

dy

dt
= x(x2 + y2)n +

2n∑
k=0

Yk(x, y) = Y (x, y),

(1.1)

D% Xk, Yk G x, y � k *J*�B=. Poincaré 8K	��%& Γ∞ G�� (1.1) �9L, D
�>&��	. 6 Γ∞ G�� (1.1) �%&�5 (Gauss K	��) ;<@	. !0�� (1.1), L
� Bendixson :M;<

x =
ξ

ξ2 + η2
, y =

η

ξ2 + η2
,

dt

dτ
= (ξ2 + η2)2n+1, (1.2)

=;<@	
GM>H	NN$. 2OO;< x = cos θ/r, y = sin θ/r =�� (1.1) 
G⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

dr

dt
=

−1
r2n−1

2n+1∑
k=0

ϕ2n+2−k(θ)rk;

dθ

dt
=

1
r2n

2n+1∑
k=0

ψ2n+2−k(θ)rk.

(1.3)
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"�� (1.3) �SLM�%{
ϕk+1(θ) = cos θXk(cos θ, sin θ) + sin θYk(cos θ, sin θ);

ψk+1(θ) = cos θYk(cos θ, sin θ) − sin θXk(cos θ, sin θ)
(1.4)

��0 cos θ, sin θ�J k+1*�B=, k=0, 1, . . .. "�� (1.4)%,& ϕ2n+2(θ) ≡ 0, ψ2n+2(θ)≡1.
�� (1.3) L
GTXÆ=�
���

dr

dθ
= r

∞∑
k=0

Rk(θ)rk. (1.5)

�� (1.5) �SLM�"( |θ| < 4π, |r| < r0 �"9, Y

Rk(θ + π) = (−1)kRk(θ), k = 0, 1, . . . (1.6)

!N�1� h, �� (1.5) ZOPU[Q r|θ=0 = h �": Poincaré RSM�TG

r = r(θ, h) =
∞∑

m=1

vm(θ)hm, �(h) = r(2π, h) − h, (1.7)

D% r(θ, h) "\( |θ| < 4π, |h| < h0 �"9, Y v1(θ) ≡ 1. U θ, h  V�U] r = r(θ, h)  ^
�� (1.5) "V(%�". = (1.7) W_�� (1.5) 'XV vm(θ) `aW�4Y
���⎧⎪⎪⎪⎨

⎪⎪⎪⎩
v1(θ) = exp

∫ θ

0

R0(ϕ)dϕ,

v′m(θ) = R0(θ)vm(θ) +
m∑

k=2

Rk−1(θ)Ωm,k(θ),
(1.8)

D% ∀m ≥ 2, vm(0) = 0,

Ωm,k(θ) =
∑

i1+i2+···+ik=m

m!
i1!i2! · · · ik!

vi1(θ)vi2(θ) · · · vik
(θ) (1.9)

� rk(θ, h) �0 h �bZ�X=% hm B���, c�

Ωm,1(θ) = vm(θ), Ωm,m(θ) = vm
1 (θ). (1.10)

/ (1.8) LYBd� vk(θ).
Zl 1.1 !�� (1.1), !. v1(2π) �= 1, [U v1(2π) < 1 (> 1) ]6;<@	G,� (Æ

,�) �[�	, 5e�)�	, \6 v1(2π) − 1 G;<@	��e��	�5�e�%&��;
!. v1(2π) = 1, Y]"\>� m, 7'

v2(2π) = v3(2π) = · · · = v2m(2π) = 0, v2m+1(2π) �= 0 (1.11)

^f, [U v2m+1(2π) < 0 (> 0) ]6;<@	G,� (Æ,�) � m �)�	, \6 v2m+1(2π)
G;<@	�� m ��	�5� m �%&��; !. v1(2π) = 1, Y!42\>� m &
v2m+1(2π) = 0, [6;<@	G%*.

�� (1.1) �%&��"��;<@	�%*�	%�:%&�'��F%4D�D-.
�DO [13, 15]. A5, !/ (1.8) �3YBd������%&��, !FO Poincare �M>T
g"Z���4h�3�	&'�	����	�4Ki#. O [15] =�� (1.1) <_V�	N
N$, �]�;<@	�	�, _f��� (1.1) �%&��:�	��W�`a��\_f
�%&�'����FM�, b�=�� (1.1) ;<@	�%*�	%�:�'��F��^
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G%&����3��. 2O%jk"O [15] +D�cd�, N4e$�� (1.1) �	��3
4, 'X���;<@	�	� (%&��) �3�L#W�flg=. _OE4flg=�3
%&��, `aO����bm[c3, hn��)�3%&��a.�Vd�i�c3j"�
� [13], �eO�3kW��� (! Mathematica) Dlmln\YÆoo_pp.

2 fghijklmnop
�� (1.1) q;< z = x+ iy, w = x− iy, T = it, i =

√−1 
G⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

dz

dT
= zn+1wn +

2n+1∑
k=1

Z2n+1−k(z, w) = Z(z, w);

dw

dT
= −wn+1zn −

2n+1∑
k=1

W2n+1−k(z, w) = −W (z, w).

(2.1)

"�� (2.1) �SLM�%
Zk(z, w) =

∑
α+β=k

aα,βz
αwβ, Wk(z, w) =

∑
α+β=k

bα,βw
αzβ (2.2)

G z, w �J k *�B=, k = 1, 2, . . ..

Zl 2.1 (/O [15] �] 3.1) !�� (1.1) :�� (2.1), 6SLM�"H	�(�bZ�
X=%`&���rGq�. !s4\>� m ≥ 3, !.]"Vq� aαβ , bαβ �V���B=
ξ2, ξ3, . . . , ξm−1, 7'

vm(2π) +
m−1∑
k=2

ξkvk(2π) = V,

[6 V : vm(2π) W�`a, TG V
Alg∼ vm(2π). !s4)� λ �= 0, OTm Alg∼ λvm(2π)  ^

λ−1V
Alg∼ vm(2π).

T ż = dz
dT , ẇ = dw

dT , !s4q5� k, OTm fk(z, w) =
∑

α+β=k cα,βz
αwβ  ^a.r�

��0 z, w �J k *�B=, D% c0,0 = 1, ck,k = 0, k = 1, 2, . . .. OTm ∑
k,j  ^!`&�

k, j gj. ∀α, β, U α < 0 5 β < 0 ], t

aα,β = bα,β = cα,β = 0.

mr 2.1 (/O [15] �- 3.2∗) !�� (2.1), Lu4sYBd�4�TXÆ=�t]Æ=
Z�

F (z, w) =
1
zw

∞∑
k=0

f(2n+1)k(z, w)
(zw)k(n+1)

, (2.3)

7'
dF

dT

∣∣∣
(2.1)

= (zw)n
∞∑

m=1

µm

(zw)m+1
, (2.4)

Y

µm
Alg∼ 1

iπ
v2m+1(2π), m = 1, 2, . . . . (2.5)
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Zl 2.2(/O [15] �] 3.2) !�� (2.1), 6/�� (2.4) d�� µm G;<@	�� m

��	�, m = 1, 2, . . ..
mr 2.1 =�� (1.1) �%&����3��^
G�� (2.1) ;<@	��	��3�

�. "�� (1.1) ;<@	�%*�	%�:%&�'��F%, ;<@	��	�:%&��
�DO�`a�. 3�, jku���� (1.1) ;<@	��	�flg=96G%&��fl
g=.

"u��� (1.1) %&��flg=s', jku�T	�<-.
HIt]Æ=Z�

G(z, w) =
∞∑

k=0

Gk(z, w) =
∞∑

k=0

f(2n+1)k(z, w)
(zw)k(n+1)

. (2.6)

jk&:
mr 2.2 !�� (2.1), T H = zw, [&

H
dG

dT
=

∞∑
m=1

H(n+1)(1−m)
∑

α+β=(2n+1)

[(α− β)cα,β + Ψ1(α, β)]zαwβ ; (2.7)

G
dH

dT
=

∞∑
m=1

H(n+1)(1−m)
∑

a+β=(2n+1)m

Ψ2(α, β)zαwβ; (2.8)

GH

(
∂Z

∂z
− ∂W

∂w

)
=

∞∑
m=1

H(n+1)(1−m)
∑

α+β=(2n+1)m

Ψ3(α, β)zαwβ, (2.9)

D%
Ψ1(α, β)=

1
2n+ 1

∑
k,j

{[nα− (n+ 1)β + (n+ 1 − k)(2n+ 1)]αk,j−1

− [nβ − (n+ 1)α+ (n+ 1 − j)]bj,k−1}
× cα+nk+(n+1)j−(n+1)(2n+1), β+nj+(n+1)k−(n+1)(2n+1); (2.11)

ψ2(α, β)=
∑
k,j

(ak,j−1 − bj,k−1)cα+nk+(n+1)j−(n+1)(2n+1), β+nj+(n+1)k−(n+1)(2n+1); (2.12)

ψ3(α, β)=
∑
k,j

(kak,j−1 − jbj,k−1)cα+nk+(n+1)j−(n+1)(2n+1), β+nj+(n+1)k−(n+1)(2n+1). (2.13)

nt !0�� (2.7), uv�3'

H
dG

dT
= H

∞∑
m=1

(
∂Gm

∂z

dz

dT
+
∂Gm

∂w

dw

dT

)

= H

∞∑
m=1

[
∂Gm

∂z

(
zn+1wn +

2n+1∑
k=1

Z2n+1−k

)
+
∂Gm

∂w

(
− wn+1zn −

2n+1∑
k=1

W2n+1−k

)]

= H

∞∑
m=1

[
(zw)n

(
∂Gm

∂z
z − ∂Gm

∂w
w

)
+
∂Gm

∂z

2n+1∑
k=1

Z2n+1−k − ∂Gm

∂w

2n+1∑
k=1

W2n+1−k

]

= H

[ ∞∑
m=1

(zw)n

(
∂Gm

∂z
z − ∂Gm

∂w
w

)
+

∞∑
m=1

∂Gm

∂z

2n+1∑
k=1

Z2n+1−k−
∞∑

m=1

∂Gm

∂w

2n+1∑
k=1

W2n+1−k

]
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= H

[ ∞∑
m=1

(zw)n

(
∂Gm

∂z
z − ∂Gm

∂w
w

)

+
∞∑

m=1

m−1∑
k=0

∂Gk

∂z
Z2n+1−(m−k) −

∞∑
m=1

m−1∑
k=0

∂Gk

∂w
W2n+1−(m−k)

]

= H
∞∑

m=1

[
(zw)n

(
∂Gm

∂z
z − ∂Gm

∂w
w

)
+

m−1∑
k=0

(
∂Gk

∂z
Z2n+1+k−m−∂Gk

∂w
W2n+1+k−m

)]
.(2.14)

3G

∂Gk

∂z
=

∂f(2n+1)k

∂z zw − k(n+ 1)f(2n+1)k
w

(zw)k(n+1)+1
; (2.15)

∂Gk

∂w
=

∂f
(2n+1)k

∂w zw − k(n+ 1)f(2n+1)k
z

(zw)k(n+1)+1
. (2.16)

`I

H
dG

dT
=

∞∑
m=1

[
H(n+1)(1−m)

(
∂f(2n+1)m

∂z
z − ∂f(2n+1)m

∂w
w

)
+

m−1∑
k=0

H−k(n+1)

·H
(
∂f(2n+1)k

∂z
Z2n+1+k−m − ∂f(2n+1)k

∂w
W2n+1+k−m

)

− (n+ 1)kf(2n+1)k(wZ2n+1+k−m − zW2n+1+k−m)
]

=
∞∑

m=1

H(n+1)(1−m)

[(
∂f(2n+1)m

∂z
z − ∂f(2n+1)m

∂w
w

)
+

m−1∑
k=0

H(n+1)(m−k−1)

·H
(
∂f(2n+1)k

∂z
Z2n+1+k−m − ∂f(2n+1)k

∂w
W2n+1+k−m

)

− (n+ 1)kf2n+1)+k(wZ2n+1+k−m − zW(2n+1+k−m)
]

=
∞∑

m=1

H(n+1)(1−m)

(
∂f(2n+1)m

∂z
z − ∂f(2n+1)m

∂w
w +

m−1∑
k=0

Φm,k

)
. (2.17)

D%

Φm,k = H(n+1)(m−k−1)

[
H

(
∂f(2n+1)k

∂z
Z2n+1+k−m − ∂f(2n+1)k

∂w
W2n+1+k−m

)

− (n+ 1)kf(2n+1)k(wZ2n+1+k−m − zW2n+1+k−m)
]
; (2.18)

wZ2n+1+k−m =
∑

p+q=2n+2+k−m

ap,q−1z
pwq; (2.19)

zW2n+1+k−m =
∑

p+q=2n+2+k−m

bq,p−1z
pwq. (2.20)
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b�

Φm,k = H(n+1)(m−k−1)

{[
∂f(2n+1)k

∂z
− (n+ 1)kf(2n+1)k

]
wZ2n+1+k−m

−
[
∂f(2n+1)k

∂w
− (n+ 1)kf(2n+1)k

]
zW2n+1+k−m

}

= H(n+1)(m−k+1)

{[ ∑
α+β=(2n+1)k

αcα,βz
αwβ − (n+ 1)k

∑
α+β=(2n+1)k

cα,βz
αwβ

]

·
∑

p+q=2n+2+k−m

ap,q−1z
pwq −

[ ∑
α+β=(2n+1)k

βcα,βz
αwβ

− (n+ 1)k
∑

α+β=(2n+1)k

cα,βz
αwβ

] ∑
p+q=2n+2+k−m

bq,p−1z
pwq

}

= H(n+1)(m−k+1)

{ ∑
α+β=(2n+1)k

(α− (n+ 1)k)cα,βz
αwβ

∑
p+q=2n+2+k−m

ap,q−1z
pwq

−
∑

α+β=(2n+1)k

(β − (n+ 1)k)cα,βz
αwβ

∑
p+q=2n+2+k−m

bq,p−1z
pwq

}

= H(n+1)(m−k+1)
∑

α+β=(2n+1)k

cα,β

∑
p+q=2n+2+k−m

[(α− nk − k)ap,q−1

− (β − nk − k)bq,p−1]zα+pwβ+q

=
∑

α+β=(2n+1)k

cα,β

∑
p+q=2n+2+k−m

[(α− nk − k)ap,q−1

− (β − nk − k)bq,p−1]zuwv. (2.21)

D%
u = α+ p+ (n+ 1)(m− k − 1)

= α+ p+ (n+ 1)(2n+ 2 + k − p− q − k − 1)

= α+ p+ (2n− p− q + 1)

= α− np− (n+ 1)q + (n+ 1)(2n+ 1). (2.22)

vwL'

v = β − np− (n+ 1)q + (n+ 1)(2n+ 1), (2.23)

b�

u+ v = α+ β − n(p+ q) − (n+ 1)(p+ q) + 2(n+ 1)(2n+ 1)

= α+ β − (2n+ 1)(p+ q) + 2(n+ 1)(2n+ 1)

= (2n+ 1)k − (2n+ 1)(p+ q) + 2(n+ 1)(2n+ 1)

= (2n+ 1)(2n+ 2 + k − (p+ q))

= (2n+ 1)m. (2.24)
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Φm,k =
∑

α+β=(2n+1)m

zαwβ
∑

p+q=2n+2+k−m

· {[α− p− (n+ 1)(m− 1)]ap,q−1 − [β − q − (n+ 1)(m− 1)]bq,p−1}
· cα+np+(n+1)q−(n+1)(2n+1),β+nq+(n+1)p−(n+1)(2n+1)

=
∑

α+β=(2n+1)m

zαwβ
∑

p+q=2n+2+k−m

{[nα− (n+ 1)β + (n+ 1 − p)(2n+ 1)]ap,q−1

− [nβ − (n+ 1)α+ (n+ 1 − q)(2n+ 1)]bq,p−1}
· cα+np+(n+1)q−(n+1)(2n+1),β+nq+(n+1)p−(n+1)(2n+1) , (2.25)

`I

H
dG

dT
=

∞∑
m=1

H(n+1)(1−m)

[ ∑
α+β=(2n+1)m

αcα,βz
αwβ −

∑
α+β=(2n+1)m

βcα,βz
αwβ

+
m−1∑
k=0

1
2n+ 1

∑
α+β=(2n+1)m

zαwβ
∑

p+q=2n+2+k−m

· {[nα− (n+ 1)β + (n+ 1 − p)(2n+ 1)]ap,q−1

− [nβ − (n+ 1)α+ (n+ 1 − q)(2n+ 1)]bq,p−1}
· cα+np+(n+1)q−(n+1)(2n+1),β+nq+(n+1)p−(n+1)(2n+1)

]

=
∞∑

m=1

H(n+1)(1−m)
∑

α+β=(2n+1)m

[(α− β)cα,β ]

+
1

2n+ 1

m−1∑
k=0

∑
p+q=2n+2+k−m

{[nα − (n+ 1)β + (n+ 1 − p)(2n+ 1)]ap,q−1

− [nβ − (n+ 1)α+ (n+ 1 − q)(2n+ 1)]bq,p−1}
· cα+np+(n+1)q−(n+1)(2n+1),β+nq+(n+1)p−(n+1)(2n+1) ]zαwβ

=
∞∑

m=1

H(n+1)(1−m)
∑

α+β=(2n+1)m

[(α− β)cα,β + ψ1(α, β)]zαwβ, (2.26)

D%

ψ1(α, β) =
1

2n+ 1

∑
k,j

{[nα− (n+ 1)β + (n+ 1 − k)(2n+ 1)]ak,j−1

− [nβ − (n+ 1)α+ (n+ 1 − j)]bj,k−1}
· cα+nk+(n+1)j−(n+1)(2n+1),β+nj+(n+1)k−(n+1)(2n+1) .

(2.7) ='v. vwLv (2.8), (2.9) =^f. /<- 2.2 ,O [15] %�- 5.1 ∗ j�- 5.2 ∗ e':

Zr 2.1 ∀ s �= 0, γ �= 0, LYBd�t]Æ=Z�

F (z, w) = (zw)s

[ ∞∑
k=0

f(2n+1)k(z, w)
(zw)k(n+1)

] 1
γ

, (2.27)
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dF

dT

∣∣∣
(2.1)

=
1
γ

(zw)n+s

[ ∞∑
k=0

f(2n+3)k(z, w)
(zw)k(n+1)

] 1
γ −1 ∞∑

k=1

λm

(zw)m
, (2.28)

Y!s4\>� m,

λm
Alg∼ −sγµm, (2.29)

D%, µm ��� (2.1) ;<@	�� m ��	�wc0,0 = 1, c(2n+1)k,(2n+1)k s , k = 1, 2, . . .;
U α �= β ], cα,β /flg=

cα,β =
1

(β − α)(2n+ 1)

∑
k,j

{[nα − (n+ 1)β + (γs+ n+ 1 − k)(2n+ 1)]ak,j−1

− [nβ − (n+ 1)α+ (γs+ n+ 1 − j)]bj,k−1}
· cα+nk+(n+1)j−(n+1)(2n+1),β+nj+(n+1)k−(n+1)(2n+1) (2.30)

d�; !s4\>� m, λm /flg=
λm =

∑
k,j

[(γs+ n+ 1 − k −m)ak,j−1 − (γs+ n+ 1 − j −m)bj,k−1]

· cnk+(n+1)j+(m−n−1)(2n+1),nj+(n+1)k+(m−n−1)(2n+1) (2.31)

d�.
Zr 2.2 x s, γ �y�)�, !.!s4\>� m,γ(s + n −m + 1) �= 0, [LYBd�

t]Æ=Z�
F (z, w) = (zw)s

[ ∞∑
k=0

f(2n+1)k(z, w)
(zw)k(n+1)

] 1
γ

, (2.32)

7!�� (2.1), &
∂(F ż)
∂z

− ∂(Fẇ)
∂w

=
1
γ

(zw)n+s

[ ∞∑
k=0

f(2n+3)k(z, w)
(zw)k(n+1)

] 1
γ −1 ∞∑

k=1

λm

(zw)m
, (2.33)

Y!s4\>� m, &
λm

Alg∼ −γ(s+ n+ 1 −m)µm, (2.34)

D% µm ��� (2.1) ;<@	�� m ��	�; c0,0 = 1, c(2n+1)k,(2n+1)k s , k = 1, 2, . . .; U
α �= β ], cα,β /flg=

cα,β =
1

(β − α)(2n+ 1)

∑
k,j

{[nα− (n+ 1)β + (γs+ γk + n+ 1 − k)(2n+ 1)]ak,j−1

− [nβ − (n+ 1)α+ (γs+ γj + n+ 1 − j)(2n+ 1)]bj,k−1}
· cα+nk+(n+1)j−(n+1)(2n+1),β+nj+(n+1)k−(n+1)(2n+1) . (2.35)

d�; !s4\>� m, λm /flg=
λm =

∑
k,j

[(γs+ γk + n+ 1 − k −m)ak,j−1 − (γs+ γj + n+ 1 − j −m)bj,k+1]

· cnk+(n+1)j+(m−n−1)(2n+1),nj+(n+1)k+(m−n−1)(2n+1) (2.36)
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d�.
ow "�- 2.1 % γ = 1, s = −1, n = 1, �'O [16] ��- 2.4.
/<- 2.1, �- 2.1, �- 2.2 ,W�`a�xf# [15], �- 2.1 :�- 2.2 `'X�fl

g=�G�� (2.1) ;<@	��	�flg=, x�G�� (1.1) �%&��flg=, Yg=
GL#W�flg=. 3��e"�3k�O�3kW���! Mathematica Dlmln. D
y!z{��ln�	�g=�� 6yZUz s, γ, ck,k, &]L7�3�zG{|w!
;<@	G%*�|}, &]}L/�- 2.2 r��z&&'Æ=�i�3{; G�"�3k�
NN�	�g=�Æ~
{, &]}a_O�	�-~�- [15].
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