
�48��5� � � � � Vol.48, No.5

2005�9� ACTA MATHEMATICA SINICA Sept., 2005

����: 0583-1431(2005)05-0947-08 �����: A

�	
���������

���
�������� �� 610064

��������������� �� 610066
E-mail: Liao qunying@yahoo.com.cn

� �

�������� �� 610064
E-mail: Qisun126@sohu.com

�  !	"#$
�����%&'()*�+,�-(, ./$��*��
01. �
����2�34��*���, !	"#*�(�56
Æ*.

789 
��*�%&; ���%&; �%&*'()
MR(2000) :;<= 12E20
>?<= O156.1

On Multiplication Tables of Optimal Normal Bases over Finite Fields

Qun Ying LIAO

Mathematical College, Sichuan University, Chengdu 610064, P. R. China
Mathematical and Soft-Ware Scientific College, Sichuan Normal University,

Chengdu 610066, P. R. China
E-mail: Liao qunying@yahoo.com.cn

Qi SUN

Mathematical College, Sichuan University, Chengdu 610064, P. R. China
E-mail: Qisun126@sohu.com

Abstract The authors propose an algorithm for computing multiplication tables of
optimal normal bases over finite fields, which is better than those corresponding results
of Sun. In particular, this algorithm is very helpful to elliptic curves public-key cryptic
systems.

Keywords Normal bases over finite fields; Optimal normal bases; Multiplication tables
of optimal normal bases over finite fields
MR(2000) Subject Classification 12E20
Chinese Library Classification O156.1

1 @ABCD
� q ����, F = Fqn 	
�� Fq � n ���, N = {αi | i = 0, 1, . . . , n − 1} 	 F
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� Fq ���IJ��, �K αi = αqi

, i = 0, 1, . . . , n − 1. � ∀A ∈ F � ∀B ∈ F , ��
A =

∑n−1
i=0 aiαi, B =

∑n−1
j=0 bjαj , ai, bj ∈ Fq. �� F ∼= Fn

q , ��� A = (a0, . . . , an−1), B =
(b0, . . . , bn−1). � AB = C = (c0, . . . , cn−1), �L cl = Aq−l

T0(Bq−l

)T , l = 0, 1, . . . , n − 1, �
T0 = (t(0)i,j ) �����

αiαj =
n−1∑
k=0

t
(k)
i,j αk, t

(k)
i,j = t

(k)
j,i ∈ Fq.

� α = α0, ααi =
∑n−1

j=0 ti,jαj , 0 ≤ i ≤ n − 1, ti,j ∈ Fq, M� T = (ti,j) �J�� N ���

 .  L t
(0)
i,j = ti−j,n−j , 0 ≤ i, j ≤ n − 1. �!, T0 = (t(0)i,j ) ���� T = (ti,j) !�"", �

AB = C #�� T0 = (t(0)i,j ) #$. �� T � T0 K%&$�'�%(, T K�%&$&', F K
��()�))**+&+. Mullin (,�- [1] K./, T = (ti,j) �-0. CN � T K%
&$�'�, /N1, CN ≥ 2n − 1. 0 CN = 2n − 1 2, � N �O3J��.


412-53
���J��, �46PQ [2] � [3]. �7�
���89:;56<
R�7=>?0K, @89:AO3J�� B
���$, S+;<=>,�
���J��,
C?	�O3J���53 [4, 5]. �L, I D� II DO3J���E�@T (N1F4!- [1]):

I UVWXYZ[\]^_ � n + 1 	�'��, q 	G n + 1 ��'HA, M F = Fq �

n '%BI$� n + 1 �BIA	;JKC�, LID F = Fqn $ Fq ���IO3J��, �
� N = {αqi | i = 0, . . . , n − 1} = {αj | j = 1, . . . , n}, SE α 	�' n + 1 �FHBIA, � N

� F $ Fq ���I I DO3J��.

II UVWXYZ[\]^_ � 2n + 1 	�'��, G�

(a) 2 �G 2n + 1 ��'HA, H

(b) 2n + 1 ≡ 3 (mod 4), L 2 G 2n + 1 ���� n,
M α = r + r−1 MD�' F = F2n $ F2 ���IO3J��, SE r 	�' 2n + 1 �FHB
IA, �� N = {α,α2, . . . , α2n−1} = {α = r + r−1, r2 + r−2, . . . , rn + r−n}, �� F = F2n $ F2

���I II DO3J��.

I�JK, N N � F $ Fq ���IO3J��, ∀ a ∈ F ∗
q ,  L aN = {aα |α ∈N} *	 F

$ Fq ���IO3J��, L2OM�J�� N P aN (N. OQP� Lenstra �- [6] KN
1,: �'
����O3J��P I DO3J��(NHP II DO3J��(N. �LQ#:
F = F2n � F2 ��O3J��`
 I DP II DRa. Agnew (�- [4] KÆ�
��K$��
��bRSSPJ���-0.
c5T�CU. *+	V, T0 K�%&$&', 
�����
+&TB. WL, ))O3J����� T 	7=>?
����89:;56<RdX�
�U. OVYe� [7] K��,Cf� 2 �
���� I DO3J���� ��')�, ZN
1,�[WX: � Fq �Cf� 2, n ≥ 2, N = {αi | i = 0, 1, . . . , n− 1} 	 F $ Fq ���I I D
O3J��, M

(a) J�� N ��� T = (ti,j) = UV , �K V 	 n Y\UZg

C[1, . . . , 1︸ ︷︷ ︸
n
2

, 0, 1, . . . , 1],

U K�$� Tr(ααiαj), 0 ≤ i, j ≤ n − 1, Tr(α)  B F �$ α � Fq ��[\�.
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(b) EX q = 2, �7 U K�$ Tr(ααiαj), 0 ≤ i, j ≤ n − 1, 0 i = j 2, 


Tr(αα2
i ) =

⎧⎨
⎩ 0, N i =

n

2
− 1

1, dM.

0 i �= j, 0 ≤ i, j ≤ n − 1 2, 


Tr(ααiαj) =

{
0, N 2i + 2j ≡ n (modn + 1)

1, dM.

F-��,
���O3J����� ��'))J�. �7 I DO3J����� ,
d�)�e- [7] e��)�;�
f. - [7] Kgh2 II DO3J����� �))J�,
F-� II D�ij, *��,�'
f�)�. OMN1,�K�"f.

^_ 1 � N = {αqi | i = 0, . . . , n − 1} = {α,α2, . . . , αn} (�K α � n + 1 �FHBIA)
� F $ Fq ���I I DO3J��, T = (ti,j) ���� , M0 j = 0, 1, . . . , n − 1 2, 


tn
2 ,j = −1; (1)

0 i = 0, 1, . . . , n − 1, L i �= n
2 , 2, 


ti,j =

{
1, N qj ≡ qi + 1 (modn + 1),

0, dM.

^_ 2 � N = {α,α2, . . . , α2n−1} = {α = r + r−1, r2 + r−2, . . . , rn + r−n} � F2n $ F2

���I II DO3J��, T = (ti,j) ���� , M

t0,j =

{
1, N j = 1,

0, dM.
(3)

tn−1,j =

{
1, N j = n − 1 H 2j+1 ≡ ±3 (mod 2n + 1),

0, dM;
(4)

�0 i = 1, . . . , n − 2 2, 


ti,j =

{
1, N 2j ≡ ±(2i ± 1) (mod 2n + 1),

0, dM.
(5)

gkh�, "f 1 ���))J�e- [7] e��)�TB. W�, F-�)�glX))
R' n YZg%�.

2 CDjkl
^_ 1 [mn � N = {αqi | i = 0, 1, . . . , n − 1} = {α,α2, . . . , αn} (�K α � n + 1 �F

HBIA) � F $ Fq ���I I DO3J��. �

αi = αqi

, βi = αi+1, 0 ≤ i ≤ n − 1, β = β0 = α = α0, ββi =
n−1∑
j=0

t∗i,jβj ,



950 � � � � 48�

OMiN1 T = (ti,j) P T ∗ = (t∗i,j) oj
E��mCU: � ∀ i, j = 0, 1, . . . , n − 1, 


ti,j = t∗s(i), s(j), (6)

�K qx ≡ s(x) + 1 (mod n + 1), L 0 ≤ s(i), s(j) ≤ n − 1. � N = {αqi | i = 0, . . . , n − 1} =
{α,α2, . . . , αn} ��I�, �#

∀ i = 0, 1, . . . , n − 1, ∃ s(i), 0 ≤ s(i) ≤ n − 1,

n αqi

= αs(i)+1, k αi = βs(i), �K qi ≡ s(i) + 1 (modn + 1), �

∀ i = 0, 1, . . . , n − 1,
n−1∑
j=0

ti,jβs(j) = ααi = ββs(i) =
n−1∑
j=0

t∗s(i), kβk.

l� ∀ i, j = 0, 1, . . . , n − 1, ti,j = t∗s(i), s(j), �K qx ≡ s(x) + 1 (mod n + 1). S+N1, (6) �.
I�JK, T ∗ = (t∗i,j) K�$moS (!- [1]):

� ∀ i = 0, 1, . . . , n − 2, t∗i,j =

{
1, N j = i + 1

0, dM;
(7)

t∗n−1,j = −1, � ∀ j = 0, 1, . . . , n − 1. (8)

� I DO3J���@T"fL, q �G n + 1 ��'HA, � q
n
2 ≡ −1 (mod n + 1), l�

s(n
2 ) = n − 1. 7	� (6) � (8) �, #

tn
2 ,j = t∗s( n

2 ), s(j) = t∗n−1,s(j) = −1, j = 0, 1, . . . , n − 1.

SnN1, (1) �.
� ∀ i = 0, 1, . . . , n − 1, L i �= n

2 , � (6) � (7) �L

ti,j = t∗s(i),s(j) =

{
1, N s(j) = s(i) + 1

0, dM.

# qx ≡ s(x) + 1 (modn + 1) L s(j) = s(i) + 1 ⇐⇒ qj ≡ qi + 1 (mod n + 1), SnN1, (2). "
f 1 No.

^_ 2 [mn � N = {α,α2, . . . , α2n−1} = {α = r + r−1, r2 + r−2, . . . , rn + r−n} �
F = F2n $ F2 ���I IIDO3J��. � αi = α2i

, β = β0 = α = α0, βi = ri+1+r−i−1, i =
0, 1, . . . , n − 1. N

ααi =
n−1∑
j=0

ti,jαj , ββi =
n−1∑
j=0

t∗i,jβj ,

OMiN1 T = (ti,j) P T ∗ = (t∗i,j) oj
E��mCU: � ∀ i, j = 0, 1, . . . , n − 1, 


ti,j = t∗s(i), s(j), (9)

�K
0 ≤ s(i), s(j) ≤ n − 1, 2x ≡ ±(s(x) + 1) (mod 2n + 1).
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� N = {α,α2, . . . , α2n−1} = {α = r + r−1, r2 + r−2, . . . , rn + r−n} ��I�L
∀ i = 0, 1, . . . , n − 1, ∃ s(i), 0 ≤ s(i) ≤ n − 1,

n αi = α2i

= βs(i), k r2i

+ r−2i

= rs(i)+1 + r−s(i)−1, �# r2i

= rs(i)+1 H r−s(i)−1, �

2i ≡ ±(s(i) + 1) (mod 2n + 1),

�
n−1∑
j=0

ti,jαj = ααi = ββs(i) =
n−1∑
k=0

t∗s(i), kβk.

S+N1, (9) �.
I�JK, OM
 (!- [1] H [2])T ∗ = (t∗i,j) K�$moS: 0 i = 1, . . . , n − 2 2, 


t∗i,j =

{
1, N j = i ± 1

0, dM.
(10)

pp

t∗n−1,j =

{
1, N j = n − 1 H j = n − 2,

0, dM;
(11)

t∗0,j =

{
1, N j = 1,

0, dM.
(12)

��,(3) ��� 20 ≡ 0 + 1 (mod 2n + 1), 2 ≡ 1 + 1 (mod 2n + 1) p (12) �Q#.
�70 n �q�2,2 G 2n + 1 ���� n, k 2n ≡ 1 ≡ −2n (mod 2n + 1), l� 2n−1 ≡

−n (mod 2n + 1), � s(n − 1) = n − 1; 0 n �r�2,2 G 2n + 1 ���� 2n, k 2n ≡ −1 ≡
2n (mod 2n + 1), l� 2n−1 ≡ n (mod 2n + 1), s
 s(n − 1) = n − 1. >�, �

s(j) = n − 2 ⇐⇒ 2j ≡ ±(n − 1) (mod 2n + 1) ⇐⇒ 2j+1 ≡ ±3 (mod 2n + 1).

7	� (11) �nL (4) �DQ. #� (9) � (10) �, �#

∀ i = 1, . . . , n − 2, ti,j = t∗s(i),s(j) =

{
1, s(j) = s(i) ± 1

0, dM,

�

2x ≡ ±(s(x) + 1) (mod 2n + 1),

� (5) �#N. "f 2 No.
p 1 "f 1, 2q?��,Æ
��� ID� IIDO3J����� ��'))J�.(1)

� (2) �p (3)–(5) � 1: 0
�� Fq ��� Fqn ��� n r+2, ))tqTB. �
��
�89:;56<R�>smAK, �tu n �vI�, kn n 	wI�, ))*g-0, OM
�pA�[)� (!v) )) (2) � (4), (5) �. �!, F-���))
��� I D� II DO
3J����� �)�, �
���89:;56<R�>?K	%8
f�.
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3 qrst
(i) I DO3J�� N ��� �)�

(J��): uuvA"f 1 K�w� (1) P (2)

v 1 � n = 4, q = 2, �7 n + 1 = 5 	��,2 	G 5 ��'HA, � I DO3J���
@T"f�L, EX α 	�' 5 �FHBIA, M α MD F24 $ F2 ��I I DO3J��, k

N = {α,α2, α4, α8}.

� (1) ��# tn
2 ,j = t2,j = −1 = 1, j = 0, 1, 2, 3;

I�JK, � 20 + 1 ≡ 21(mod 5), 21 + 1 ≡ 3 ≡ 8 ≡ 23 (mod 5), 23 + 1 ≡ 9 ≡ 22 (mod 5), p
(2) �L

T =

⎛
⎜⎜⎝

0 1 0 0
0 0 0 1
1 1 1 1
0 0 1 0

⎞
⎟⎟⎠ .

(J�x): �"f 1 �N1�#Æ I DO3J�� N ��� �ÆwE�:

(a) Æ� (i, s(i)) �n qi ≡ s(i) + 1 (modn + 1), ∀ i = 0, 1, . . . , n − 1.

(b) �7�� s(0) = 0, �y s(i) (i = 0, 1, . . . , n − 1) z�+${�xyz|#$y�
(0, 0), (j1, 1), . . . , (jn−2, n − 2), (jn−1, n − 1), �K s(ji) = i, ji = 1, . . . , n − 1.

(c) {�}xoS ∀ k = 0, 1, . . . , n − 1, s(l) = s(k) + 1 � (k, l) ��

(0, j1), (j1, j2), . . . , (jn−2, jn−1).

(d) ��� T = (ti,j) K, 


∀ k = 0, 1, . . . , n − 1, k �= n

2
, tk,l = 1; tn

2 ,j = −1, ∀ j = 0, 1, . . . , n − 1.

��|� ti,j uy� 0.

v 2 � n = 16, q = 3, �7 n + 1 = 17 	��, 3 	G 17 ��'HA, � I DO3J�
��@T"f�L, EX α 	�' 17 �FHBIA, M α MD F316 $ F3 ��I I DO3J�
�, k

N = {α3i | i = 0, 1, . . . , 15}.

}~, OMgk#$moS

3i ≡ s(i) + 1 (mod 17), ∀ i = 0, 1, . . . , 15, i �= n

2
= 8

� (i, s(i)) ��: (0, 0), (14, 1), (1, 2), (12, 3), (5, 4), (15, 5), (11, 6), (10, 7), (2, 8), (3, 9), (7, 10),

(13, 11), (4, 12), (9, 13), (6, 14), (8, 15).

��,}xoS s(l) = s(k)+1, ∀ k = 0, 1, . . . , 15,� (k, l)��: (0, 14), (14, 1), (1, 12), (12, 5),

(5, 15), (15, 11), (11, 10), (10, 2), (2, 3), (3, 7), (7, 13), (13, 4), (4, 9), (9, 6), (6, 8).
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O~, OM#$�� E�

T =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0

−1 −1 −1 −1 −1 −1 −1 − 1 − 1 − 1 − 1 − 1 − 1 − 1 − 1 − 1
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(ii) II DO3J�� N ��� �)�

(J��): uuvA"f 2 K�w� (3), (4) P (5).
v 3 � n = 3, �7 2n + 1 = 7 	��, 2 G 7 ���� 3, � II DO3J���@T"

f�L, EX r 	�' 7 �FHBIA, M α = r + r−1 MD F23 $ F2 ��I II DO3J��,
k N = {α,α2, α4}.

� (3) ��#

t0,j =

{
1, N j = 1

0, dM.

I�JK, � 2j+1 ≡ ±3 (mod 7) =⇒ j = 1, �� (4) �#

t2,j =

{
1, N j = 1, 2

0, dM.

#0 i = 1 2, 21 − 1 ≡ 20 (mod 7),−(21 + 1) ≡ 22(mod 7), �� (5) �, �#

t1,j =

{
1, N j = 0, 2

0, dM.

7	#�� E�

T =

⎛
⎜⎜⎝

0 1 0

1 0 1

0 1 1

⎞
⎟⎟⎠

(J�x): �"f 2 �N1�#Æ II DO3J�� N ��� �ÆwE�:
(a) Æ� (i, s(i)) �, n 2i ≡ ±(s(i) + 1) (mod 2n + 1), ∀ i = 0, 1, . . . , n − 1.
(b) �7�� s(0) = 0, �y s(i) (i = 0, 1, . . . , n − 1) z�+${�xyz|#$y�

(0, 0), (j1, 1), . . . , (jn−2, n − 2), (jn−1, n − 1), �K s(ji) = i, ji = 1, . . . , n − 1.
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(c){�}xoS ∀ k = 0, 1, . . . , n−1, s(l) = s(k)+1� (k, l)�� (0, j1), (j1, j2), . . . , (jn−2,
jn−1).�xoS ∀ k = 0, 1, . . . , n−1, s(l) = s(k)−1� (k, l)�� (j1, 0), (j2, j1), . . . , (jn−1, jn−2),
�K s(ji) = i, ji = 1, . . . , n − 1.

(d) Æ� j = 0, 1, . . . , n − 2, n 2j+1 ≡ ±3 (mod 2n + 1);
(e) ��� T = (ti,j) K, 


∀ k = 1, . . . , n − 2, tk,l = 1; t0,1 = 1; tn−1,j = 1.

N j = n − 1 H 2j+1 ≡ ±3 (mod 2n + 1). ��|� ti,j uy� 0.
v 4 � n = 11, �7 2n + 1 = 23 	��, 2 G 23 ���� 11, � II DO3J���@

T"f�L, EX r 	�' 23 �FHBIA, M α = r + r−1 MD F211 $ F2 ��I II DO3
J��, k N = {α,α2, . . . , α210}.

}~, OMgk)�}x 2i ≡ ±(s(i) + 1) (mod 23), ∀ i = 0, 1, . . . , n − 1 � (i, s(i)) ��:
(0, 0), (1, 1), (2, 3), (3, 7), (4, 6), (5, 8), (6, 4), (7, 9), (8, 2), (9, 5), (10, 10).  N, }x s(l) = s(k)±1,
∀ k = 0, 1, . . . , n− 1 � (k, l) ��: (1, 0), (0, 1), (8, 1), (8, 2), (6, 2), (4, 3), (5, 3), (3, 4), (9, 4), (3, 5),
(7, 5), (2, 6), (9, 6), (5, 7), (10, 7), (1, 8), (2, 8), (4, 9), (6, 9), (7, 10).

I�JK, � 2j+1 ≡ ±3 (mod 2n + 1) =⇒ j = 7.
O~, OM#$�� E�

T =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0 1 0 0
0 0 0 0 1 1 0 0 0 0 0
0 0 0 1 0 0 0 0 0 1 0
0 0 0 1 0 0 0 1 0 0 0
0 0 1 0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 0 0 0 1
0 1 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

p 2 0�z�� n r{2, A (J�x) ))O3J����� %8Jn.
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